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This paper concerns the most intriguing question of modern atomic physics: determination of the proton root-
mean-square (rms) charge radius (rp). This problem was announced by the difference in rp values extracted
from the measurements of transition frequencies in hydrogen (H) atom and the Lamb shift in muonic hydrogen
(µH) atom. In particular, it was found that the value of proton charge radius extracted from the µH experiment
is about 4% smaller than the value given by the hydrogenic experiments. For the decade a lot of theoretical
efforts were devoted to the search of ’new physics’ on the basis of such deviation. In this paper the analysis of
proton charge radius determination in the hydrogen atom is given. It is shown that the rp value extracted from
the hydrogenic data can be found more close to the rms value given by the µH experiment.
The question of the proton charge radius is still the subject
of current theoretical and experimental investigations [1]. The
root-mean-square charge radius, rp, has been determined by
three experiments: first, by the electron-proton scattering [2],
[3]; second, by the precision spectroscopy of atomic hydrogen
[4] and, third, by pulsed laser spectroscopy measurements of
the Lamb shift in muonic hydrogen [5]. The most accurate
rp value with the uncertainty of 1 per cent is based mainly on
atomic hydrogen experiments and calculations of bound-state
quantum electrodynamics (QED) [6]. The present value given
by CODATA using only electronic spectroscopy data is rp =
0.8758(77) fm [7]. Therewith the value given by the electron-
proton scattering is 0.879(8) fm. Thus, CODATA finds that
the overall result rp = 0.8775(51) fm. The problem called
’proton radius puzzle’ has arised from the muonic hydrogen
experiment: matching the theoretical calculations of the Lamb
shift with the experimental data leads to rp = 0.84184(67)
fm [5, 8]. This magnitude differs on 5.6 standard deviations
from the CODATA value. This discrepancy constitutes one
of the most attractive questions in connection with the search
of ’new physics’; a lot of theoretical and experimental efforts
were devoted to investigation of this problem.
The main problem of the proton charge radius determina-
tion from the hydrogenic data consists in complexity of theo-
retical description of such experiments, whereas the measure-
ments in muonic hydrogen are transparent and allow the di-
rect comparison of experiment with theory. However, the rp
values obtained from electron-proton scattering and spectro-
scopic measurements in hydrogen are close that gives a rea-
son for the inclusion of the overall value in CODATA. Very
recently the new value of proton charge radius was reported
in [9]: rp = 0.8335(95) femtometer. This value was ex-
tracted from the measurement of 2s− 4p transition frequency
in hydrogen atom and diverges on 1% approximately from the
µH data. This value was extracted from the measurement of
2s−4p transition frequency in hydrogen atom and diverges on
1% approximately from the µH data. Such satisfactory agree-
ment was reached in the experiment accounting the quantum
interference effect and hyperfine splitting of levels. The at-
tempts to describe theoretically the spectroscopic measure-
ments in hydrogen were performed in a series of works [10–
13] on the base of [14, 15], where the nonresonant corrections
(called quantum interference in [9]) were introduced, see also
reviews [16, 17]. In particular, theoretical description of the
1s − 2s transition frequency measurement in hydrogen atom
was given in [18–20], where the nonresonant correction to the
1s− 2p transition frequency in hydrogen atom was estimated
with the account for the hyperfine splitting also. According
to the results of [9] the nonresonant effects should be taken
into account in spectroscopic measurements and, therefore,
the theoretical re-analysis of the proton charge radius deter-
mination from the hydrogenic data is required.
Precision spectroscopy of H atom allows the accurate de-
termination of fundamental physical constants: the Rydberg
constant R∞ and the proton charge radius. It is achieved by
the the highly accurate theoretical calculation of energy lev-
els and experiments reaching the 15 digits in accuracy for the
1s − 2s transition frequency [21, 22]. Theoretical evaluation
of hydrogen energies is performed according to the formula
Enlj = R∞
(
− 1
n2
+ fnlj
(
α,
me
mp
, rp . . .
))
, (1)
where n, l and j are the principal, orbital and total angular mo-
mentum quantum numbers, respectively. R∞ = meα2c/2h
is the Rydberg constant (c is the speed of light and h is the
Planck’s constant), me andmp represent the electron and pro-
ton masses. The function fnlj denotes all the possible correc-
tions arising within the relativistic QED theory, see [7].
To determine the Rydberg constant and proton radius the
theoretical results should be compared with the correspond-
ing experimental data: Enlj −En′l′j′ = ∆Eexpnlj−n′l′j′ , where
transition frequencies ∆Eexpnlj−n′l′j′ can be found in [7]. To
extract the Rydberg constant and proton charge radius the
two independent transitions should be used. For this purpose
the code reproducing the transition frequencies with an accu-
racy of 12 digits was written in Wolfram Mathematica soft-
ware. In our calculations the values of fine structure constant
α = 1/137.035999139 and speed of light = 299792458m/s
were employed. Solving this system three times for the ex-
perimental value and plus/minus uncertainty, the root-mean-
squared value and deviations can be defined via the expres-
sions xrms =
√
N∑
i=1
x2
i
N and δx
rms =
√
N∑
i=1
δx2
i
N−1 , respectively.
The obtained data are listed in Table I.
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2In particular, from Table I follows that in all the listed tran-
sitions the Rydberg constant coincides with value given in [9]
in 10 digits. The deviation is formed mostly by the experi-
mental inaccuracy. The most coincidence with the result of [9]
arises for the pair 1s− 2s, 2s1/2− 4p3/2− 14 (1s1/2− 2s1/2):
R∞ = 10973731.568062 m−1 and rp = 0.8324 fm. How-
ever, the uncertainty defined as the rms value of deviation ex-
ceeds the experimental one in several times. In Table I the
values defined as the absolute error are listed in each fifth
sublines also. This uncertainties were determined with the
use of equation: δR∞ 2cα2 f(rp) + δrp
2cR∞
α2 f
′(rp) = δωexp,
where f ′(rp) denotes the corresponding derivative over rp of
the level energies Eq. (1) and δωexp represents the experimen-
tal uncertainty.
Thus, the rms values of the Rydberg constant and proton
charge radius can be found for all the pairs, except the 1s−2s
and 2s−4p, as 10973731.568503(270) m−1 and 0.8745(253)
fm, respectively. With the choice of close lying results, that
corresponds to the pairs 1s − 2s, 2s1/2 − 2p1/2 (Harvard);
1s−2s, 2s1/2−2p3/2; 1s−2s, 2s−8s and 1s−2s, 2s1/2−
8d3/2, we find
rp = 0.8735(75) fm, (2)
R∞ = 10973731.568489(79) m−1.
These values are in good agreement with the results rec-
ommended by CODATA 10973731.568508(65) m−1 and
0.8759(77) fm [7]. However, taking the lowest values of R∞
and rp (defined via the experimental value of frequency mi-
nus experimental uncertainty) for these transitions, the result
R∞ = 10973731.568216(98) m−1, rp = 0.8474(95) fm can
be found. This proton charge radius value is in a good agree-
ment with the µH-experiment data [5, 8]. Thus, it can be con-
cluded that the discrepancy of proton charge radii extracted
from the H and µH experiments can be explained by the
uncertainty of measurements in hydrogen atom. Moreover,
for the pairs 1s − 2s, 2s − 12d3/2 (lowest values); 1s − 2s,
2s−4p3/2− 14 (1s−2s) (rms values); 1s−3s, 2s−8s (lowest
values); 1s− 2s, 2s− 8s (lowest values); 1s− 2s, 2s− 2p3/2
(lowest values) and 1s − 2s, 2s − 2p1/2 (lowest values) one
can find
rp = 0.8403(79) fm, (3)
R∞ = 10973731.568143(81) m−1.
Here the proton charge radius coincides with the value given
by µH experiment 0.84095(39) fm [8], and the Rydberg con-
stant lies within the error of [9].
The case of 2s − 4p, 1s − 2s pair deserves the separate
consideration. To determine R∞ and rp, the data from [7]
and 616520931626.8(2.3) kHz for the 2s− 4p transition fre-
quency found in [9] were used. The rms values of Rydberg
constant and proton charge radius are 10973731.568075 m−1
and 0.8337 fm, respectively, that coincides with [9].
Such displacement of R∞ and rp values in respect to the
recommended by CODATA (10973731.568508(65) m−1 and
0.8759(77) fm) was explained in [9] by the quantum interfer-
ence effect. In the early paper by F. Low [23] it was pointed
out that the description of spectral line is valid only up to a
certain limit of accuracy which is defined by the nonresonant
(NR) corrections. Theory of the NR corrections was devel-
oped in [14, 15] for H-like ions and the corresponding evalu-
ation was prolongated to the hydrogen atom in [10–13]. The
main conclusion made in these works is that the nonresonant
corrections set a principal limit for the accuracy of the reso-
nance frequency measurements.
The nonresonant correction to the differential cross-section
with the account for the fine structure of levels was found in
[13]. Nonetheless, this correction can be avoided by the mea-
surement of ’gravity center’ of spectral sublines. This proce-
dure was applied in the experiment [9], where authors have
considered the fine and hyperfine structures of the 2s and 4p
states in hydrogen atom, see Fig. 1. Then the quantum in-
FIG. 1. The fine and hyperfine structure of the 4p state in hydrogen
atom are shown schematically. The corresponding transitions from
hyperfine splitted 2s1/2 sublevels to the hyperfine splitted sublevels
of the 4p1/2 and 4p3/2 atomic levels are illustrated.
terference occurs for the two transitions with equal quantum
numbers: 2sF=01/2 → 4pF=11/2 and 2sF=01/2 → 4pF=13/2 . Authors of
[9] found that the 2s−4p centroid frequency should be shifted
on δνexp = −0.132552092·109 Hz and, as a consequence, the
new values of the proton charge radius and Rydberg constant
were determined.
However, there is a non-resonant correction to the total
cross-section arising due to the fine structure of levels which
can not be avoided by this procedure [12]. The nonresonant
correction is given by the expression δNR =
Γ4a
16(∆Ef )3
, where
Γa represents the level width of state a and ∆Ef is the energy
of corresponding fine splitting. The rough estimation of this
correction is of the order of the experimental accuracy of the
1s − 2s transition frequency and, thus, is negligible. There
is also the nonresonant correction arising with the account for
the hyperfine splitting of levels, see [18]. The quadratic non-
resonant correction of this type is
δNR =
Γ4a
16(∆Ehfs)3
. (4)
Then, with the use of experimental values Γ4p = 20 MHz
3TABLE I. The Rydberg constant, R∞, proton radius, rp, and their deviations for the hydrogen atom. The second and third sublines represent
the obtained values for the plus and minus experimental uncertainty, respectively. The rms values of Rydberg constant and proton radius with
their deviations are given in the fourth subline. In the first column the pair of used transitions are listed.
Transitions R∞ in m−1 rp in fm δR∞ in m−1 δrp in fm
(U. Sussex laboratory)
2s1/2 − 2p1/2, 1s1/2 − 2s1/2
10973731.5690796 0.927367 0.0 0.0
10973731.5697026 0.980986 0.0006229 0.053619
10973731.5684566 0.870452 −0.0006230 −0.056915
rms values 10973731.5691098 0.927367 0.0006229 0.055292
via diffrential 10973731.5690796 0.927367 0.0006229 0.055167
(Harvard laboratory)
2s1/2 − 2p1/2, 1s1/2 − 2s1/2
10973731.5685501 0.879224 0.0 0.0
10973731.5688304 0.905031 0.0002803 0.025807
10973731.5682697 0.852637 −0.0002804 −0.026587
rms values 10973731.5685501 0.879224 0.0002804 0.026199
via diffrential 10973731.5685501 0.879224 0.0002803 0.026185
2s1/2 − 2p3/2, 1s1/2 − 2s1/2
10973731.568442 0.869069 0.0 0.0
10973731.568816 0.903702 0.000374 0.034633
10973731.568068 0.832998 −0.000374 −0.036071
rms values 10973731.568442 0.869069 0.000374 0.035359
via diffrential 10973731.568442 0.869069 0.000374 0.035322
2s1/2 − 8s1/2, 1s1/2 − 2s1/2
10973731.5684175 0.866758 0.0 0.0
10973731.5686402 0.887596 0.0002227 0.020838
10973731.5681949 0.845407 −0.0002226 −0.021351
rms values 10973731.5684175 0.866758 0.0002227 0.021096
via diffrential 10973731.5684175 0.866758 0.0002226 0.022408
2s1/2 − 8s1/2, 1s1/2 − 3s1/2
10973731.568387 0.860376 0.0 0.0
10973731.568579 0.874942 0.000192 0.014566
10973731.568196 0.845559 −0.000191 −0.014817
rms values 10973731.568387 0.860376 0.000192 0.014692
via diffrential 10973731.568387 0.860376 0.000192 0.014689
2s1/2 − 4s1/2 − 14 (1s1/2 − 2s1/2)
10973731.568747 0.897458 0.0 0.0
1s1/2 − 2s1/2 10973731.569103 0.929463 0.000356 0.032005
10973731.568391 0.864268 −0.000356 −0.03319
rms values 10973731.568747 0.897458 0.000356 0.032603
via diffrential 10973731.568747 0.897458 0.000356 0.032575
2s1/2 − 4p3/2 − 14 (1s1/2 − 2s1/2)
10973731.568062 0.832404 0.0 0.0
1s1/2 − 2s1/2 10973731.568477 0.872417 0.000415 0.040013
10973731.567647 0.790368 −0.000415 −0.042036
rms values 10973731.568062 0.832404 0.000415 0.041037
via diffrential 10973731.568062 0.832404 0.000415 0.040975
2s1/2 − 8d3/2, 1s1/2 − 2s1/2
10973731.568548 0.879045 0.0 0.0
10973731.568766 0.899147 0.000218 0.020102
10973731.568331 0.858471 −0.000217 −0.020574
rms values 10973731.568548 0.879045 0.000218 0.020339
via diffrential 10973731.568548 0.879045 0.000218 0.020348
2s1/2 − 12d3/2, 1s1/2 − 2s1/2
10973731.568297 0.855289 0.0 0.0
10973731.568528 0.877172 0.000231 0.021883
10973731.568066 0.832831 −0.000231 −0.022458
rms values 10973731.568297 0.855289 0.000231 0.022172
via diffrential 10973731.568297 0.855289 0.000204 0.019577
2s− 4p, 1s− 2s
10973731.568075 0.833701 0.0 0.0
10973731.568171 0.843058 0.000096 0.009357
10973731.5679798 0.824237 −0.000095 −0.009464
rms values 10973731.568075 0.833701 0.000096 0.009411
absolute error 10973731.568075 0.833701 0.000095 0.009399
4TABLE II. The hyperfine shift, Rydberg constant, R∞, proton radius, rp, and their deviations with the account for the hyperfine shift. All the
listed transitions were used in pair with the 1s−2s frequency. The second subline in each row represents the values obtained without the δhfs.
Transitions δhfs, Hz R∞, m−1 rp, fm
2s1/2 − 2p1/2 −|∆
2sF=1
1/2
hfs |+ |∆
2pF=0
1/2
hfs |, 10973731.568232(280) 0.8490(271)
10208.6 10973731.5685501(280) 0.8792(262)
2sF=11/2 − 8d5/2 −|∆
8dF=2
5/2
hfs |+ |∆
8dF=3
5/2
hfs |, 10973731.568057(168) 0.8319(166)
−23766.6 10973731.568681(168) 0.8913(155)
2sF=11/2 − 12d5/2 −|∆
12dF=2
5/2
hfs |+ |∆
12dF=3
5/2
hfs |, 10973731.568219(172) 0.8478(167)
−7033.3 10973731.568392(172) 0.8643(163)
rms 10973731.568169(80) 0.8429(78)
2s− 2p – 10973731.568250 (10973731.568159) 0.86238(0.8419)
2s− 8d – 10973731.568253 (10973731.568167) 0.85076(0.8425)
2s− 12d – 10973731.568825 (10973731.568158) 0.85079(0.8418)
and ∆Ehfs = −132, 552.092 kHz for the level widths and
frequency splitting, the NR correction can be found as δNR =
−4293.78 Hz. This correction has a opposite sign for the tran-
sitions 2s− 4p1/2 and 2s− 4p3/2. Thus, according to [9] the
total asymmetry is δνNR = 13δNR = 1431.26 Hz. Account-
ing for this shift leads to
rp = 0.8395(93) fm, (5)
R∞ = 10973731.568135(96) m−1.
The same result can be achieved in other way: two transi-
tions 2s− 4p1/2 and 2s− 4p3/2 in conjunction with 1s− 2s
transition can be analysed separately. Then with the account
for the hyperfine splitting of levels one can write
∆Etheor
(
2s1/2 − 4p1/2
)
= ∆Eexp + ∆
2sF=01/2
hfs −∆
4pF=11/2
hfs , (6)
∆Etheor
(
2s1/2 − 4p3/2
)
= ∆Eexp + ∆
2sF=01/2
hfs −∆
4pF=13/2
hfs ,
where values of the hyperfine splitting can be taken from
[24]. Solving these systems of equations, the values r(1/2)p =
0.8272 fm, R(1/2)∞ = 1097371.56800986 m−1 and r
(3/2)
p =
0.8369 fm, R(3/2)∞ = 1097371.56810850 m−1 can be
obtained, respectively. Then, according to [9], we find
1
3r
(1/2)
p +
2
3r
(3/2)
p = 0.8337 fm and 13R
(1/2)
∞ + 23R
(3/2)
∞ =
1097371.568076 m−1.
This procedure can be applied to other transitions. For ex-
ample, for the pair 1s−2s, 2s−4p1/2− 14 (1s−2s) the solution
is rp = 0.9322(549) fm and R∞ = 10973731.569135(623)
m−1. The lowest values are r(1/2)p = 0.8756 fm andR
(1/2)
∞ =
10973731.568512 m−1. Therefore, rp = 13r
(1/2)
p (lowest) +
2
3r
(3/2)
p = 0.8468 fm and R∞ = 10973731.568212 m−1.
Employing Eq. (6) for the Lamb shift (Harvard labora-
tory data), one can find rp = 0.8490(271) fm and R∞ =
10973731.568232(280) m−1. The corresponding magnitudes
for the 1s − 2s, 2s − 2p3/2 pair are r(3/2)p = 0.8691(353)
fm, R(3/2)∞ = 10973731.568442(374) m−1. Combina-
tion 13r
(1/2)
p +
2
3r
(3/2)
p yields rp = 0.8624 fm, R∞ =
10973731.568250, and rp = 13r
(1/2)
p +
2
3r
(3/2)
p (lowest) =
0.8383 fm and R∞ = 10973731.568123 m−1.
The combination of transitions with the different fine struc-
ture sublevels can be obtained with the use of weight coeffi-
cient (2j+1)(2s+1)(2l+1) . Then for the frequencies 2s1/2 − np1/2
and 2s1/2 − np3/2 we obtain 2s− np = 13 (2s1/2 − np1/2) +
2
3 (2s1/2−np3/2), whereas for the 2s1/2−nd3/2 and 2s1/2−
nd5/2: 2s − nd = 25 (2s1/2 − nd3/2) + 35 (2s1/2 − nd5/2).
The results with the account for the hyperfine structure for the
transitions 2s− 2p1/2, 2s− 8d5/2 and 2s− 12d5/2 are listed
in first (upper) part of Table II and in the second (lower) part
of Table II the combination of these transitions with the data
from Table I are given,the lowest values are listed in brackets.
In particular, from Table II follows that the rms values of
the proton charge radius and the Rydberg constant are
rp = 0.8429(78) fm, (7)
R∞ = 10973731.568169(80) m−1.
The lowest value of the Rydberg constant and proton
charge radius are rp = 0.84207(33) fm, R∞ =
10973731.568167(34) m−1.
Concluding one can stay the point that the results for de-
termination of the Rydberg constant and the proton charge ra-
dius from the hydrogenic experiments depend strongly on the
5experimental uncertainty [7]. The uncertainty of frequency
measurement leads to the rms deviation which exceeds the
corresponding CODATA value in several times. Analysis of
lowest values gives the results more close to the µH experi-
ment and can be explained by the systematic error occuring
for the measurements in hydrogen atom. At the same time,
it is more believable that the experiment on muonic hydrogen
atom is more dogmatic for the determination of the proton
charge radius.
The analysis given in [9] for the 2s − 4p transition reveals
the necessity of the accounting for the hyperfine level struc-
ture and quantum interference effects that leads to the nonres-
onant corrections. Inclusion of the NR correction in the anal-
ysis of 2s− 4p transition leads to results Eq. (5). The relative
difference between this value of the proton charge radius and
µH is about 0.2%. The results of calculations for the different
transitions are listed in Table I without the hyperfine shift of
frequencies, and the results with use of procedure given in [8]
and [9] are presented in Table II. In particular, from Tables I
and II follows that the µH proton charge value can be restored
from the hydrogenic data, see Eqs. (3) and (7).
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